Rational homology manifolds and rational resolutions  by Dranishnikov, A.N.
Topology and its Applications 94 (1999) 75–86
Rational homology manifolds
and rational resolutions
A.N. Dranishnikov 1,2
University of Florida, Department of Mathematics, P.O. Box 118105, 358 Little Hall,
Gainesville, FL 32611-8105, USA
Received 1 February 1997; received in revised form 8 August 1997
Abstract
We prove that every compactum X, having rational dimension n, is an image under a rationally
acyclic map of an (n+ 1)-dimensional compactum Y . If n > 1, then additionally dimQ Y = n. As a
consequence we obtain existence of rational homology k-manifolds with covering dimension greater
than k. Ó 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction
Does there exist a rational homology n-manifold having integral cohomological
dimension greater than n? A negative answer to this question would imply the Hilbert–
Smith conjecture. We recall that the Hilbert–Smith conjecture states that a compact group
admitting an effective action on a manifold must be a Lie group [11,13]. It is known that
the Hilbert–Smith conjecture is equivalent to the question whether p-adic integers group
Ap can act effectively on a manifold. The orbit space Mn/Ap of a hypothetical action of
Ap on a manifold Mn is a rational homology n-manifold [12,1]. By the theorem of C.T.
Yang [17], the integral cohomological dimension dimZMn/Ap = n+ 2. If the answer to
the question were negative, the orbit space Mn/Ap would not exist and the Hilbert–Smith
conjecture would hold.
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Unfortunately the answer to the above question is positive. In this paper we consider a
construction of rational homology n-manifolds with arbitrarily high covering dimension.
The construction is based on the rational resolution theorem. In the 1970s R.D. Edwards
made a major contribution to topology by connecting the old Alexandroff Problem on the
coincidence dim = dimZ of covering dimension and integral cohomological dimension
with the Cell-like Mapping Problem. He discovered the following
Resolution Theorem [7,15]. For every compactum X of cohomological dimension
dimZX6 n there is a cell-like map f :Y →X of a compactum Y of dimY 6 n.
We recall that a map f is called cell-like if all point preimages f−1(x) are approximately
contractible (have trivial shape). We note that a cell-like map is acyclic and onto. Thus the
above Resolution Theorem can be considered as the Integral Resolution Theorem. In [3]
this result was extended for Zp = Z/pZ coefficients.
Zp-Resolution Theorem. For every compactum X of dimZp X 6 n there is a Zp-acyclic
map f :Y →X of a compact Y with dimY 6 n.
It turns out to be that for the group of rationals there is no resolution theorem in the above
formulation. A compact X with dimQX = 1 and dimX > 2 does not admit a Q-acyclic
resolution f :Y →X with 1-dimensional compactum Y , since every such resolution would
be integrally acyclic and, hence it should be dimZX 6 1. It contradicts to the fact that
dimX = dimZX whenever dimZX 6 1. In [9,8] the authors introduced the notion of
approximable dimension with respect to Q to prove a rational resolution theorem for their
dimension. In this paper we prove the folowing resolution theorem for Q.
Q-Resolution Theorem. Let X be a compactum with dimQX 6 n
(1) then there is a Q-acyclic map f :Y →X of a compactum Y with dimY 6 n+ 1;
(2) additionally dimQ Y 6 n if n > 1.
Using this theorem the standard method of constructing of exotic Zp-homology
manifolds as in [2] can be extended for rational homology manifolds.
2. Preliminaries
A map φ :A→K of a closed subsetA⊂X to a complexK forms an extension problem.
We call every such a map by an extension problem on X with respect to K . We call an
extension problem φ solvable if there is an extension φ¯ of φ over X. If all extension
problems on X with respect to K are solvable, we call K an absolute extesor for X and
denote K ∈ AE(X). For every mapping f :Y →X and every extension problem φ :A→
K on X the lift f−1(φ) of φ by f is the extension problem φ ◦f |f−1(A) :f−1(A)→K . If
the lift f−1(φ) is solvable, we say that f resolves an extension problem φ.
A.N. Dranishnikov / Topology and its Applications 94 (1999) 75–86 77
Definition. Cohomological dimension dimGX of a compact space X with coefficient
groupG is the supremum of the set of integers n for which there exists an open subset U ⊂
X with nontrivial cohomology groupHnc (U;G). HereHnc (U;G) denotes the cohomology
with compact supports, i.e., ˇCech cohomology of the one-point compactification of U .
We recall that [10] for compact metric spaces the inequality dimGX 6 n is equivalent
to the property that every extension problem on X with respect to an Eilenberg–MacLane
complexK(G,n) is solvable, i.e., K(G,n) ∈AE(X).
We extend this definition to maps f :X→ Y by saying that dimG f 6 n if and only if f
resolves all extension problems φ on Y with respect to K(G,n). This definition does not
define a number dimG f unless the implication dimG f 6 n⇒ dimG f 6 n+1 holds. The
implication certainly holds for the identity map idX , in that case, dimG idX = dimGX.
It is not difficult to prove that the limit spaceX of an inverese sequence {Xi,qi+1i } where
dimG qi+1i 6 n satisfies the inequality dimGX 6 n. Moreover a weaker condition can be
imposed on the bonding maps to obtain the same. If f :X→K is a map onto a polyhedron
K with a triangulation τ , then by dimG(f, τ)6 n we denote the property that f resolves
all extension problems φ :A→K(G,n) on K where A is a subcomplex ofK with respect
to τ .
Lemma 2.1 [2]. Let X be a limit space of the inverse sequence of polyhedra {Ki,qi+1i }
with given metrics ρi and given triangulations τi on Ki such that
(1) limi→∞mesh(qk+ik (τk+i))= 0 for all k;
(2) dimG(qi+1i , τi )6 n for infinitely many i .
Then dimGX 6 n.
Suppose that {Xi,pi+1i } is an inverse sequence of pointed spaces and base point
preserving bonding maps. Then for every m there is a nutural embedding of the product
X1 × · · · ×Xm into the infinite product∏∞i=1Xi . The sequence
X1 X2
p21 · · ·p
3
2
Xm
pmm−1
defines an imbedding of Xm into the product
∏m
i=1Xi ⊂
∏∞
i=1Xi . The inverese sequence
{Xi,pi+1i } defines an embedding of the limit space X in
∏∞
i=1Xi . The the projection in
the inverse sequence p∞m :X→ Xm coinsides with the restriction on X of the projection
onto the factor
∞∏
i=1
Xi→
m∏
i=1
Xi.
This system of imbeddings in
∏∞
i=1Xi we call a realization of the inverse sequence
{Xi,pi+1i } in the product
∏∞
i=1Xi .
Let ρi be a metric on Xi and let δi denote the diameter of Xi . We assume that∑∞
i=1 δi <∞. Then the formula ρ(x, y) =
∑∞
i=1 ρi(p∞i (x),p∞i (y)) defines a metric ρ
on the product
∏∞
i=1Xi .
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Let M be a (finite) cover of a compact space X with a given metric ρ. By d(M)
we denote the diameter of M = max{diamM | M ∈M} and by λ(M) we denote the
Lebesgue number ofM:
λ(M)=max{r | for any r-ball Or(x) there is M ∈M, Or(x)⊂M}.
Here Or(x) is the ball in X of a radius r with respect to ρ, centered at x ∈ X. Let Mx
denote an arbitraryM ∈M with the property x ∈Oλ(M(x)⊂ Cl(M).
Lemma 2.2 [4, Lemma 4]. Let X = lim← {Ki,f
i+1
i } and Z = lim← {Li,g
i+1
i } be limit spaces
of inverse systems of compacta. Suppose the first sequence is realized in ∏∞i=1Ki and for
every i a finite coverMi of Ki , with the diameter di and the Lebesgue number λi , and a
mapping αi :Li→Ki are defined such that
(1) αi(Li)∩M 6= ∅ for every M ∈Mi ,
(2) di < λi−1/4,
(3) the diagram
Li+1
gi+1i
αi+1
Ki+1
f i+1i
Li
αi
Ki
is (λi/4)-commutative.
Then there exists a continuous map α :Z→X ontoX such that the point preimage α−1(x)
is the limit space of lim← {α
−1
i (Mxi ), q
i+1
i } where xi = f∞i (x) and qi+1i is the restriction of
gi+1i on α
−1
i (Mxi ).
Definition [14]. A simplicial complex over n-simplex ∆n is a pair (L, ξ) where L is a
simplicial complex and ξ :L→ ∆n is nondegenerate simplicial map (no edge goes to a
vertex).
Example. The first barycentric subdivision of any simplicial n-dimensional complex K
defines the natural complex over ∆n. The map ξ :β1K → ∆n = {0,1, . . . , n} assigns to
every barycenter cσ ∈ β1K the dimension of corresponding simplex σ .
Now for every resolution f :X→ ∆n of a simplex ∆n we can define a resolution for
any simplicial complex (L, ξ) over ∆n by taking the pull-back:
X∆L
f ′
ξ ′ X
f
|L|
ξ
∆n
.
Let L be a simplicial complex, by |L| we denote its geometric realization. Sometimes we
use L for the geometric realization of L as well. By L(n) we denote the n-skeleton of a
simplicial complex. If K is a CW-complex, we denote its n-skeleton by K [n]. As usual by
X ∪f B we denote a space, obtained by attaching to X a space B by a map f :B→X. If
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{fi :B→X} is a family of maps, then X ∪{fi } B denotes a corresponding quotient space.
A map f :K→ L of a CW-complex K to a simplicial complex L is called combinatorial
if the preimage f−1(∆) of every simplex ∆⊂L is a subcomplex in K .
Definition (cf. [5] or [6]). Let G be an abelian group and L be a simplicial complex. The
Edwards–Walsh resolution of L in the dimension n is a pair (EW(L,G,n),ω) consisting
of a CW-complex EW(L,G,n) and a combinatorial map ω :EW(L,G,n)→ |L| onto a
geometric realization of L such that
(1) ω is 1-to-1 over the n-skeleton L(n), hence it defines an inclusion j :L(n) ⊂
EW(L,G,n),
(2) for every simplex∆ of L the preimage ω−1(∆) has the type of Eilenberg–MacLane
space K(
⊕
G,n),
(3) for every simplex ∆ of L the inclusion ω−1(∂∆) ⊂ ω−1(∆) induces an epimor-
phism Hn(ω−1(∆);G)→Hn(ω−1(∂∆);G).
Here we regard a contractible space as K(
⊕
G,n) with zero number of summands G.
We recall that Z(L) denotes the localization of integers at a set of primes L⊂ P . Let L′
be a set of primes, then an infinite L′-telescope in the dimension n is a localization of n-
sphere at P \L′, i.e., a CW-complex Tn(L′) obtained from the direct system {Sn,βkk+1} of
spheres with bonding maps having the degree p infinitely many times for each p ∈ L′ by
filling in the mapping cylindersMβkk+1 of the bonding maps.
By an abeliniazation of a finite CW-complex K we understand a finite complex ab(K)
obtained from K by attaching 2-dimensional cells killing all nontrivial commutators of a
finite set of generators of the fundamental group pi1(K). Let ω :K→ L be a combinatorial
map of a CW-complex to a simplicial complex. By abL(K,ω) we denote an inductively
constructed complex KdimL ⊃ · · · ⊃K1 ⊃K0 together with a map ω :abL(K)→ L such
that ω(Ki) = L(i). Where K0 = ⋃v∈L(0) ab(ω−1(v)) and ω :K0 → L(0) is the natural
extension of ω|L(0) and, generally,
Ki+1 =
⋃
∆∈L(i+1)
ab
(
ω−1(∆)∪ω−1(∆(i)))
with ω(ab(ω−1(∆)∪ω−1(∆(i))))=∆. Note that K ⊂ abL(K,ω) and ω|K = ω.
Lemma 2.3 (cf. [2]). Let L be a set of primes, then for any n ∈ N and for any simplicial
complexL over a simplex∆m there is an Edwards–Walsh resolutionω :EW(L,Z(L), n)→
|L| such that
(4) for n > 1 the (n + 1)-skeleton of EW(L,Z(L), n) is obtained from (n + 1)-
skeleton of EW(L(n+1),Z(L), n) by attaching (n + 1)-cells by means of maps
β : ∂Bn+1 → EW(L(n+1),Z(L), n) which induce (P \ L)-torsion element in the
nth homotopy group of EW(L(n+1),Z(L), n). If L is (n+ 1)-dimensional, EW(L,
Z(L), n) consists of infinite (P \L)-telescopes attached to n-skeletone L(n).
Proof. First we consider the case when n > 1.
Induction on m. If m 6 n, we define EW(L,ZL, n) = |L| and ω = idL. Assume that
there is a resolution with the properties (1)–(4) for m-dimensional complex L. Consider a
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simplex ∆m+1 of the dimension m+ 1. The barycentric subdivision of its boundary K =
β1∂∆m+1 is a complex over ∆m and, hence, we can apply the induction assumption. By
the property (4) and the Hurewicz Theorem, the nth homotopy group of EW(K,Z(L), n)
equals modulo torsion the group
⊕
Z(L). We applied here the fact that K(n) is homotopy
equivalent to the wedge of n-spheres and pin(Tn(P \ L)) = ZL. Therefore there is an
epimorphism φ :pin(EW(K,Z(L)))→
⊕
Z(L). Hence one can construct an Eilenberg–
MacLane complex K of the type K(
⊕
Z(L), n) by attaching to EW(K,Z(L), n) celles of
dimensions> n+ 1.
Let us verify the property (3). We show that every map f :ω−1(∂∆)→K(Z(L), n) has
an extension f¯ :ω−1(∆)→ K(Z(L), n). Because of the induction assumption it suffices
to prove that in the case when the simplex ∆ is (m+ 1)-dimensional. Then ω−1(∂∆) =
EW(K,Z(L), n) where K is as above, and
ω−1(∆)=EW(∆,Z(L), n)=K ∈K
(⊕
Z(L), n
)
.
Consider a short exact sequence
0 Torpin pin
i∗ ⊕Z(L) 0,
where pin = pin(EW(K,Z(L), n)). The map f induces a homomorphism φ :pin→ Z(L).
Clearly, Torpin ⊂ Kerφ. Hence there is a homomorphism φ′ :⊕Z(L)→ Z(L) such that
φ = φ′ ◦ i∗. The homomorphism φ′ defines a map f ′ between Eilenberg–MacLane
complexes. Note that f ′ ◦ i is homotopic to f . Hence f is extendable.
Then we apply the Williams construction to obtain a resolution of an arbitrary complex
over∆m+1. All properties (1)–(4) are easy to verify.
If n= 1 and L is 2-dimensional,EW(L,Z(L),1) consists of infinite (P \L)-telescopes
attached to the 1-skeleton L(1). If n > 1, then the property (4) turns into the following:
EW(L,Z(L),1)[2] = abL
(
EW(L(2),Z(L),1)∪βi B2,ω
)
,
where βi induces a (P \ L)-torsion element in the 1-st homology group of EW(L(2),
Z(L),1) and ω|EW(L(2),Z(L),1) is the restriction of the projection of Edwards–Walsh
resolution and every ω(B2i ) lies in some 3-simplex of L.
Then the argument is basically the same as in the case n > 1. 2
Lemma 2.4. Assume that a compact X has the cohomological dimension dimGX 6 n.
Then for every Edwards–Walsh resolution ω :EW(L,G,n) → L and for every map
f :X→ L there is a map f ′ :X→EW(L,G,n) such that ωf ′(x) lies in the same simplex
of L as f (x) for every point x ∈X.
Proof. The result follows from the property (2) of the Edwards–Walsh resolution and the
fact that K(
⊕
G,n) ∈AE(X). 2
Proposition 2.5. An Edwards–Walsh resolution ω :EW(τ,G,n)→K of a finite complex
K with a triangulation τ has the property dimG(ω, τ)6 n.
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Proof. Consider a map φ :L→ K(G,n). It can be extended without problems over n-
dimensional skeleton K(n) of K . Then by induction we can show that the map wm =
φω|ω−1(K(m))∪L :ω−1(K(m) ∪ L)→K(G,n) has an extension wm+1 over ω−1(K(m+1) ∪
L). This follows from the property (3) of the Edwards–Walsh resolution. The union w of
maps wm will be a solution of the extension problem φω|ω−1(L). 2
Definition. A locally compact topological space X is called a homology n-manifold over
a coefficient group G if the equality H∗(X,X \ {x};G)= H∗(Rn,Rn \ {x};G) holds for
all x ∈X. Here we consider the Steenrod–Sitnikov homology. Similarly one can define the
notion of cohomology n-manifold.
Wilder’s Monotone Mapping Theorem [16]. Let f :Mn → X be G-acyclic map of a
closed manifold for a principal ideal domain G. Then X is a homology n-manifold overG.
3. Rational resolutions
Proposition 3.1. Let L⊂P be a set of primes. Let K ⊂L be a subcomplex of a simplicial
complex L and let ω :EW(τ,ZL, n)→K be an Edwards–Walsh resolution of Lemma 2.3
with respect to some triangulation τ onK . Then there exists an Edwards–Walsh resolution
ω :EW(L,ZL, n) → L with ω|ω−1(K) = ω and (n + 1)-skeleton EW(L,ZL, n)[n+1]
is obtained from EW(K ∪ L(n + 1),ZL, n)[n+1] by attaching (n + 1)-cells by maps
presenting (P \L)-torsions in pin(EW(K ∪L(n+ 1),ZL, n)).
Proof is the same as the proof of Lemma 2.3.
We recall that a map between compacta f :X→ Y is called UV n-map if every fiber
f−1(x) has trivial homotopy groups in the dimensions 1,2, . . . , n in the approximate
sence, i.e., for any imbeding of f−1(x) in the Hilbert cube, for any neighborhood U of
f−1(x) there is a smaller neighborhood V such that the inclusion V ⊂ U induces zero
homomorphism of homotopy groups in dimensions 1,2, . . . , n.
Theorem 3.2. Let L be a set of primes. The for every compactumX with dimLX 6 n
(A) there exists a L-acyclic UV n−1-map f :Y → X of a compactum Y with dimY 6
n+ 1;
(B) additionally, dimL Y 6 n if n > 1.
Proof. First we consider the case n > 1. We construct inverse sequences {Ki,f i+1i },
{Li,gi+1i } and a sequence of maps {αi :Li → Ki} having the properties (1)–(3) of
Lemma 2.2 with X = lim← {Ki,f
i+1
i } and dimLi = n + 1 for all i . Then a compactum
Z of Lemma 2.2 will be at most (n+ 1)-dimensional. In order to obtain the acyclicity of
the map α, we require the following condition: the homomorphism
(qi+1i )
∗ : H˜ ∗
(
α−1i (Mxi );Z(L)
)→ H˜ ∗(α−1i+1(Mxi+1);Z(L))
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is trivial. To obtain the property UV n−1 of α we construct all preimages α−1i (Mxi )
connected in the dimensions 1, . . . , n− 1. To obtain the inequality dimZ(L) Z 6 n we want
to apply Lemma 2.1 and, hence, we require the existence of metrics ρˆi and triangulations
κi on Li such that
(1) a map gi+1i is combinatorical with dimZ(L)(gi+1i , κi)6 n and with
lim
k→∞mesh
(
gi+ki (κi+k)
)= 0 for any i.
We construct that by induction. First we fix an inverse sequence of compact polyhedra
{Pr,pr+1r } with limit space X. By the induction on m we construct the following diagram:
L1
α1
L2
g21
α2
· · · Lmg
m
m−1
αm .
K1 K2
f 21 · · · Kmf
m
m−1
On each Ki we define a coverMi , a triangulation τi , a metric ρi and a base point x∗i . On
each Li we define a triangulation κi , a metric ρˆi having the following properties
(1) (1) of Lemma 2.2, i.e., αi(Li)∩M 6= ∅ for every M ∈Mi ,
(2) (2) of Lemma 2.2, i.e., di < λi−1/4,
(3) (3) of Lemma 2.2, i.e., the diagram
Li+1
gi+1i
αi+1
Ki+1
f i+1i
Li
αi
Ki
is (λi/4)-commutative,
(4) a homomorphism (qi+1i )∗ : H˜ ∗(α−1i (Mxi );Z(L))→ H˜ ∗(α−1i+1(Mxi+1);Z(L)) is triv-
ial,
(5) all spaces Ki are imbedded into the product
∏m
j=1Kj by the mapping (f i1 , f
i
2 ,
. . . , f ii−1, idKi , x∗i+1, . . . , x∗m) and the metric ρi is the induced from a brick metric
ρ1 + · · · + ρm on the product. Also we assumed that diamρi Ki 6 1/2i ,
(6) meshρi (τi) < λi/16,
(7) for every M ∈Mi , M is a contractible subcomplex of Ki with respect to τi ,
(8) for every i there is r(i) such that Ki = Pr(i) and f i+1i = pr(i+1)r(i) ,
(9) a complex Li has the following CW-complex structure: take (n + 1)-skeleton
K
(n+1)
i of τi subdivide some of its (n + 1)-cells into a finite union of (n + 1)-
cells and replace some of the smaller (n+ 1)-cells by (n+ 1)-cells attached to the
same boundary by maps of nonzero degree. Then αi is the natural projection of Li
onto K(n+1)i taking new (n+ 1)-cells to original,
(10) a complex Li is supplied with a triangulation κi such that the cellular structure
on Li agrees with the triangulation κi i.e., every CW-subcomplex is a simplicial
complex with respect to κi ,
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(11) every complexLi is supplied with a metric ρˆi and meshρˆj (gij (κi))6 1/2i for every
j 6 i ,
(12) gi+1i is combinatorial and gi+1i = ωi ◦ f˜i where ωi :EW(κi,Z(L), n)→ Li is an
Edwards–Walsh resolution.
The begining of the induction: let K1 = P1, let τ ′1 be a triangulation on K1 and
let ρ1 be a metric on K1 of the diameter 6 1/2. Let M1 be a cover of K1 by stars
M = {Star(v) | v ∈ (τ ′1)(0)}. We define ρ1 = ρ1 and consider a subdivison τ1 of τ ′1 with
meshρ1(τ1) 6 λ1/8 where λ1 is the Lebesgue number of M1 with respect to the metric
ρ1. Define L1 to be the (n+ 1)-skeleton of K1 with respect to triangulation τ1 and define
α1 :L1→K1 as the inclusion. take any metric ρˆ1 on L1 and fix a triangulation κ1 on L1
with meshρˆ1(κ1) < 1/2. Fix a point x
∗
1 ∈K1. All conditions (1)–(12) are satisfied.
Now we assume that the diagramm
L1
α1
L2
g21
α2
· · · Lmg
m
m−1
αm
K1 K2
f 21 · · · Kmf
m
m−1
is constructed satisfying the properties (1)–(12). We consider the map αm ◦ ωm :EW(κm,
Z(L), n)→ |τ (n+1)m | and note that this map is an Edwards–Walsh resolution over τ (n+1)m ,
i.e., EW(κm,Z(L), n)=EW(τ (n+1)m ,Z(L), n). By Proposition 3.1 there exists an Edward–
Walsh resolution wm :EW(τm,Z(L), n)→Km. Since dimZ(L) X 6 n, by Lemma 2.5 there
is a combinatorial lift
p′m :X→EW
(
τm,Z(L), n
)
of p∞r(m) :X→ Pr(m) =Km
(see (8)). Since EW(τm,Z(L), n) is an absolut neighborhood extensor, there is a number k
and a map f ′m :Pk→EW(τm,Z(L), n) such that
ρm
(
wmf
′
m,p
k
r(m)
)
< λm/16. (∗)
We define r(m+ 1)= k, Km+1 = Pk and f m+1m = pkr(m). Take a metric ρm+1 on Km+1
of the diameter 6 1/2m+1 and define a metric ρm+1 on the product
∏m+1
i=1 Ki as the sum
ρm + ρm+1. Fix a point x∗m+1 ∈ (f m+1m )−1(x∗m). The properties (5) and (8) are satisfied.
Consider a triangulation τ ′m+1 of Km+1 with dm+1 = d({Star(v) | v ∈ (τ ′m+1)(0)}) <
λm/4 and defineMm+1 = {Star(v) | v ∈ (τ ′m+1)(0)}. Then (2) and (7) are satisfied.
Let τm+1 be a subdivision of τ ′m+1 with meshρm+1(τm+1) < λm+1/16 where λm+1 is the
Lebesgue number ofMm+1 with respect to ρm+1. Then (6) holds.
Let f¯m :Km+1→ EW(τm,Z(L), n) be a cellular approximation of f ′m with respect to
τm+1 and the standard CW-structure onEW(τm,Z(L), n). By (4) of Lemma 2.3 the (n+1)-
dimensional skeleton of EW(τm,Z(L), n) admits the following description:
EW
(
τm,Z(L), n
)[n+1] =EW(κm,Z(L), n)[n+1] ∪βi Bn+1i ,
where βi : ∂Bn+1i →EW(κm,Z(L), n)[n+1] defines a (P \L)-torsion element (βi)∗ in the
homotopy group pin(EW(κm,Z(L), n)).
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Now we construct a finite CW-complex Lm+1 as follows. Consider (n + 1)-skeleton
K
(n+1)
m+1 = |τ (n+1)m+1 | and the restriction of f¯m on it. We may assume that for every (n+ 1)-
simplex ∆ in τm+1 there is a partiton of ∆ into finitely many PL cells ∆ = Dn+11 ∪
· · · ∪ Dn+1s such that the image f¯m(Dn+1i ) is an (n + 1)-cell in EW(τ,Z(L), n)[n+1]. If
f¯m(D
n+1
i )= Bn+1j for some j , we delete the interior of Dn+1i and attach an (n+ 1)-cell
D
n+1
i instead by means of a map ∂D
n+1
i → ∂Dn+1i of the degree equal to the order of
(βj )∗. We define αm+1 :Lm+1→ |τ (n+1)m+1 | ⊂ Km+1 by taking every cell D
n+1
i to D
n+1
i .
Then the properties (1), (9) hold.
Denote Nm = EW(κm,Z(L), n)[n+1]. Now the map f¯m|f¯−1(Nm) : f¯−1(Nm)→ Nm has
an extension f˜m :Lm+1→Nm. We define gm+1m = ωm ◦ f˜m. Then (12) holds.
Fix a metric ρˆm+1 on Lm+1. We may assume that Lm+1 is a polyhedron and we take
a triangulation κm+1 on it with meshρˆj (g
m+1
j (κm+1)) < 1/2m+1 for all j 6 m+ 1. Then
(10) and (11) hold.
In order to verify (3) we have to show that
ρm
(
αmg
m+1
m (x),f
m+1
m αm+1(x)
)
< λm/4.
Indeed,
ρm
(
αmg
m+1
m (x),f
m+1
m αm+1(x)
)
6 ρm
(
αmg
m+1
m (x),wmf¯mαm+1(x)
)
+ ρm
(
wmf¯m
(
αm+1(x)
)
, f m+1m
(
αm+1(x)
))
by (6) and (∗)
< ρm
(
αmωmf˜m(x),wmf¯ αm+1(x)
)+ λm/8
= ρm
(
wmf˜m(x),wmf¯ αm+1(x)
)+ λm/8
< λm/8+ λm/8= λ/4.
Now we check (4). Since a complex Mxm+1 is contractible, its n-skeleton M(n+1)xm+1
is n-connected. Hence by the construction α−1m+1(Mxm+1) = α−1m+1(M(n+1)xm+1 ) is (n − 1)-
connected. Note that
Hn
(
α−1m+1(M
(n+1)
xm+1 );Z(L)
)=Hn(M(n+1)xm+1 ;Z(L))= 0.
Since α−1m+1(M
(n+1)
xm+1 ) is (n+1)-dimensional, it suffices to check (4) in the dimension n+1.
Note that Hn+1(EW(L,Z(L), n);Z(L)) = 0 for any (n + 1)-dimensional n-connected
complex L for n > 1. Then by (12) (qm+1m )∗ is a zero homomorphism in the dimension
n+ 1.
If n= 1, we cannot achieve the condition (12) in the above construction. In that case
EW
(
τm,Z(L), n
)[2] = abτm(EW(κm,Z(L), n)[2] ∪{βi } B2).
In the case of n= 1 we can prove only part (A) of the theorem. To do that we change the
conditions (1)–(12) in our induction argument as follows. We leave the conditions (1)–(8)
without changes, change (9) into
(9′) Li =K(2)i ,
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and drop the conditions (10)–(12). Then all the argument works well with the only new
obstacle to show that (qm+1m )∗ is zero homomorphism in the dimension two. By the
construction we have gi+1i = ωi ◦ f¯i , where ωi :EW(τi,Z(L),1)[2] → Li is a composition
of the restriction of the projection of Edwards–Walsh resolution and sweeping onto 2-
skeleton K(2)i = Li , and f¯i :Ki+1→EW(τi,Z(L),1) is a cellular approximation of f ′i as
in the argument for n > 1.
Since the image of f¯i is compact it is sufficient to show that the homomorphism
(ωi)
∗ :H 2
(
M(2);Z(L)
)→H 2(ω−1(M(2));Z(L))
is trivial for any contractible subcomplexM ⊂Ki . By virtue of the Universal Coefficients
Theorem over Z(L), it is sufficient to show that the induced homology homomorphism
(ω)∗ :H∗
(
ω−1(M(2));Z(L)
)→H∗(M(2);Z(L))
is zero in the dimension 2 and
Ext
(
H1
(
ω−1(M(2)),Z(L)
))= 0.
We note that the preimage ω−1i (M(2)) can be deformed to the space
Y = abτi (EW(M(2),Z(L),1) ∪{βi } B2i ) in the case of careful enough choice of the
sweeping to the 2-skeleton in the definition of ωi . The space EW(M(2),Z(L),1) is a union
of (P \L)-telescopes and henceH1(Y )= Z(L). Then we can compute thatH1(ω−1(M(2)))
is a free module over Z(L) and hence, Ext(H1(ω−1(M(2)),Z(L)))= 0. All 2-cells Bi and
2-cells corresponding to commutators in abτi (EW(M(2),Z(L),1)) form a generators set
in the relative homology group H2(Y, (EW(M(2),Z(L),1))). By the construction all these
generators go to zero under the homomorphism
(ωi)∗ :H2
(
Y,
(
EW(M(2),Z(L),1)
))=H2(⋃
j
e2j ,
(
EW(M(2),Z(L),1)[1]
))
→H2
(
M(2),ω
(
EW(M(2),Z(L),1)[1]
))
.
Therefore, (ωi)∗ :H2(Y )→H2(M(2)) is zero homomorphism. Hence
(ω)∗ :H∗
(
ω−1(M(2);Z(L))
)→H∗(M(2);Z(L))
is a trivial homomorphism. 2
We note that if L= ∅, then Z(L) =Q.
4. Exotic rational homology spheres
Theorem 4.1. For any number n> 5 there is a rational homology 5-manifoldMn, having
dimension dimMn = n.
Proof. Take a compactum Xn with dimensions dimXn = n and dimQXn = 1. Such
compacta exist due to [2]. Let fn :Yn→Xn be a rationally acyclic resolution of Xn given
by Theorem 3.2. Since Yn is 2-dimensional, Yn can be imbedded in 5-sphere S5. Consider a
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quotient map f¯n :S5→Mn, generated by fn. By the Wilder Montone Map theoremMn is
a rational homology 5-manifold. Note that dimMn =max{dimXn,dim(S5 \Yn)} = n. 2
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